Whispering gallery modes in a microsphere coated with three layers of high, low, and high refractive indices (RIs) are considered. Coastal modes and inland modes, centered on the outer and inner high-RI layers, exist as different radial modes. At right values of RI and thickness of the three layers, an inland mode and a coastal mode couple to produce a radial distribution of the photonic field that resembles bonding and antibonding orbitals. The coupling occurs across a layer of the middle low-RI layer, much thicker than the wavelength of light. The coupling is analyzed in a quantum-mechanical analog of a one-dimensional particle in a double-well potential.
A photonic atom is the term coined to describe the state of a photon confined in a dielectric sphere suspended in a medium of a low refractive index 1 (RI). The confined photon exists as a wave traveling the interior side of the sphere via total internal reflection. The wave can be long lived when it returns in phase after one cycle of travel. Such a mode is called a whispering gallary mode (WGM) and has an extremely sharp resonance with a Q value exceeding 10 9 for a silica microsphere in air. 2 Many applications of WGM, ranging from optical filters 3 to biosensors, 4 have been proposed, and experiments have come up to the expectations. Each WGM is specified by four indices: v , l , m, and polarization. The electric field intensity plotted as a function of radial distance r from the sphere center has v peaks. The number of waves in one orbit of travel is l. The azimuthal index m ranges from −l to l. The polarization is either TE or TM. The resonance wave vector k (in vacuum) depends on v , l, and polarization. In a microsphere whose RI is a function of r only, WGMs of different m are degenerate.
In the spherical polar coordinates (r, , and with the origin at the sphere center), the electric field E of WGM (TE) is given as E = exp͑im͒͑kr͒ −1 S l ͑r͒X lm ͑͒, with
where P l m ͑x͒ is an associate Legendre function; ê and ê are unit vectors in relevant directions. For given l and m, different radial modes exist with different radial functions S l ͑r͒. In a shell of a uniform RI, n, S l ͑r͒ is a linear combination of l ͑nkr͒ and l ͑nkr͒ in general, where l ͑x͒ϵxj l ͑x͒ and l ͑x͒ ϵ xn l ͑x͒ with j l ͑x͒ and n l ͑x͒ being the spherical Bessel and Neumann functions of the lth order, respectively. The analogy of the photonic atom to the electronic counterpart gained a firmer ground when bringing two similar microspheres or microdisks close to each other led to coupling of WGMs on the two resonators 5 to produce two wave functions analogous to bonding and antibonding orbitals of valence electrons. The coupling via evanescent wave of WGMs was demonstrated for more than two microresonators. 6 We showed earlier that coating a plain microsphere with a high-RI layer of subwavelength thickness attracts WGMs into the layer. 7 The radial compression of a WGM exposes a stronger evanescent field to the surroundings compared with a plain sphere, leading to enhanced sensitivity of the WGM sensor. Recently we demonstrated the enhancement using a polystyrene-coated silica sphere. 8 Now we add a thick low-RI layer (RI n B , thickness t B ) and a second high-RI layer ͑n A , t A ͒ on top of the coated ͑n C , t C ͒ microsphere (Fig. 1) . Each of the two high-RI layers, A and C, can sustain its own WGM if the intervening layer B is sufficiently thick and its RI is low. In this Letter, we show by calculations that the two resonance modes differing only in the radial mode v can couple as shown in the figure, and their resonance frequencies split, just like the coupling of the WGM in two spheres.
Coupled modes in a single microsphere can also be observed using other RI profiles. One of such profiles lacks layer C. If n B is sufficiently small, the core's RI will be able to hold a WGM. Another realization has a single thick layer of RI between the RI of the core and the RI of the surroundings. The latter structure can be extended to have multiple layers with a decreas- ing RI toward the sphere surface. WGM in such a sphere was considered from the viewpoint of a photonic bandgap crystal in sphere geometry. 9 The present Letter considers WGMs (TE) in the triple-coated sphere. The total radius of the sphere is held unchanged at a = 100 m, while the layer thickness is changed, unless otherwise specified. The RI of the sphere's core is n 1 = 1.452 (silica), and the surroundings have n 2 = 1.32 (water). To bring the vacuum wavelength of a WGM ͑v =1͒ to 1.32 m in a plain silica sphere in water, we use l = 695. In the core ͑r Ͻ a − t A − t B − t C ͒, S l ͑r͒ϳ l ͑n 1 kr͒. At resonance, S l ͑r͒ϳ l ͑n 2 kr͒ in the surroundings ͑r Ͼ a͒. In layer i ͑i =A,B,C͒, the linear coefficients for l ͑n i kr͒ and l ͑n i kr͒ that constitute S l ͑r͒ are determined by the conditions that S l ͑r͒ and dS l ͑r͒ /dr be continuous across the interfaces, which also determine the value of k at resonance. Figure 2 shows how the resonance k of the first eight modes changes when the thickness t A of the outer layer ͑n A = 1.7͒ increases, while t B and t C are fixed at 2.4 and 0.4 m (n B = 1.4, n C = 1.7), respectively. At any t A , the sphere can accommodate several WGMs of the same l. In the increasing order of k, they are designated as the first, second,…radial modes ͑v =1,2, ...͒. The S l ͑r͒ of the vth mode has v − 1 nodes. Each radial mode, indicated by a different line style or shade, consists of several sections that are classified into two types of modes. One increases its k only gradually with increasing t A , and the other decreases its k. We call them inland modes and coastal modes, respectively, and denote them INi and COj ͑i , j =1,2, ...͒. The i or j is given in the increasing order of k within each type. The inland modes are localized near layer C, and the coastal modes are localized in layer A. At t A = 0.9 m, CO1 and CO2 are the first and third radial modes, and IN1 and IN2 are the second and fourth modes, respectively. The blueshift of the inland mode with an increasing t A is due to inward displacement of layer C. If a-t A is held unchanged at 100 m while t A is increased, there is a gradual redshift.
In a single-layer microsphere (A layer only), inland modes are absent. The changes of k with an increasing t A are similar to those of the coastal modes in Fig.  2 , but k starts at a smaller value 7 (4.89, 4.97, 5.04 for v =1,2,3).
The resonance shift of the coastal modes can be used as a sensor for adsorption of molecules onto the sphere surface and an RI change in the surroundings. The sensor sensitivity is higher compared with a sphere coated with a single layer of n A , as the middle low-RI layer compresses S l ͑r͒ radially and thus exposes a stronger evanescent field to polarize the surroundings.
Each WGM has a finite radiative width in its resonance spectrum. Note that the radiative width is observed only when it is comparable with or greater than the width due to other factors such as absorption by the surroundings and various causes of light scattering. The radiative width is roughly an increasing function of k. As a rule of thumb, the width is 10 −10 m and increases to 10 −6 m −1 at k = 5.05 m −1 for the specific set of parameters used in Fig. 2 . Therefore high-order coastal modes, such as CO4 and CO5, can be sustained as a high-Q WGM if t A is sufficiently large. IN1 has a high Q in the whole range of the plot shown, whereas IN2 loses its Q with an increasing t A .
In Fig. 2 , it may appear that sections on a specific INj or COj are connected across intersections, but they are not. Here we look at IN1-CO1 crossover. Figure 3 zooms the part of the resonance diagram where the curves for the two modes appear to intersect and shows S l ͑r͒ of the two modes at three values of t A . At t A = 0.345 m, IN1 and CO1 have a major peak in the inner and outer high-RI layers, respectively. At t A = 0.34664 m, the two modes have two peaks centered on the two layers, and the two peak heights (positive or negative) are nearly equal. These two functions resemble bonding and antibonding orbitals formed as a linear combination of atomic orbit- The crossover between two radial modes is similar to the one between modes on two resonators when their diameters are changed. 5 In Figure 3 , the gap between the values of k for IN1 and CO1 changes with t A . At around t A = 0.34664 m, where the two peaks in S l ͑r͒ have similar heights, the difference minimizes to a value that we denote as ⌬k min . The curve indicated by n A = n C = 1.7 in Fig. 4 shows ⌬k min calculated for different values of t B . The IN1-CO1 coupling occurs over a distance much longer than the wavelength, although an increasing t B weakens the coupling. The curve for the IN1-CO2 coupling (not shown) runs slightly below the curve for the IN1-CO1 coupling, indicating a weaker coupling. Figure 4 also shows ⌬k min for n A = n C = 1.6, 1.8, and 2. The plot of ln ⌬k min is almost linear to t B , especially when n A = n C is large. The coupling can be understood using a quantum-mechanical analog. We consider wave functions for a one-dimensional particle in a potential having two wells of the same depth V but different width, t A and t C . The two wells are separated by t B . The coupled wave function is approximated as a linear combination of a wave function A localized at the well for layer A and C at the well for layer C. It can be shown that the smallest split of the energy levels is approximately equal to V͑͗ A ͉ C ͘ A + ͗ A ͉ C ͘ C ͒, where ͗ A ͉ C ͘ i ͑i =A,C͒ is the overlap between the two localized wave functions at well i. Between the two wells, A decays from the edge of well A with a decay constant of k͑n A 2 − n B 2 ͒ 1/2 ; C decays from the edge of well C with the same constant. Thus the two overlap integrals approximately depend on t B as exp͓−t B k͑n A 2 − n B 2 ͒ 1/2 ͔. Therefore, we expect that the slope of −ln ⌬k min will be ϳk͑n A 2 − n B 2 ͒ 1/2 . The inset in the figure shows a plot of the square of the slope at t B = 0.4 m as a function of n A 2 . The five data are roughly on a straight line with the intercept of the abscissa at n B 2 as expected. The coefficient of the line is slightly smaller than k 2 . The coupling does not spoil the high-Q resonance. The radiative width of the resonance at around the crossover increases with an increasing t B , as the resonance k increases (the rule of thumb applies), but the coupling does not push the width above the level for the uncoupled CO1. The ratio of ⌬k min to the width remains large. At t B =6 m, the ratio is greater than 10 8 . Because Q is large ͑Ͼ10 9 ͒, a split as small as 10 −8 m −1 should be able to be observed. Another characteristic of the coupled WGM in a single particle is the ease with which coupling can be controlled. We can achieve the control by bringing a high-polarizability particle near the orbit or by changing n 2 , the RI of the surroundings. If n 2 is set right around the value for the coupling, the resonance frequency shift can be highly nonlinear, which may be useful to construct a RI detector with a high sensitivity for small RI changes and a broad dynamic range.
In conclusion, our calculations showed that WGMs having photonic fields localized in distant layers of a high RI can couple to produce fields that resemble bonding and antibonding orbitals in a diatomic molecule. 
